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Infrared Gas Analyser

Eiji Nik1 and Tsutomu YONEZAWA
Department of Industrial Chemistry, Faculty of Engineering, Tokyo University, Hongo, Tokyo 713
(Received June 16, 1972)

The pressure effect of nitrous oxide and nitric oxide due to nitrogen gas was investigated with use of a non-

dispersive infrared gas analyser.

The results are in line with the theoretical curves derived from the Elsasser

theory. The calculated expression is partly improved and the error of calculations is estimated in regard to carbon

dioxide.

With a nondispersive infrared gas analyser, it is
easily observed that the absorption increases with in-
creasing pressure of nitrogen gas at constant pressure
of infrared absorbing gases such as carbon dioxide or
carbon monoxide. This effect is known as the pressure
broadening. In a previous paper!) the mean absorption
was calculated on the Elsasser theory as a function of
the partial pressure of absorber, the total pressure and
the length of the sample cell. The result was proved
to interpret fairly well the experimental results for
carbon dioxide and carbon monoxide. In this paper,
the influence of the Bessel function of order zero ap-
proximated by unit is evaluated in regard to carbon
dioxide. Experiments were carried out on nitrous
oxide and nitric oxide concerning the self broadening
of the absorbing gas and the foreign gas broadening
due to nitrogen gas in order to see whether the result
of calculation can be applied to other infrared absorbing
gases.

Apparatus

The apparatus consists of a nondispersive infrared
gas analyser of the zero method positive filter type with
a condenser microphone detector.?) The windows con-
sist of LiF. A schematic diagram is given in Fig. 1.
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Fig. 1. The schematic diagram of the nondispersive infrared
gas analyser. The temperature of the infrared source is
about 600 °C. !'=5cm.

1) T. Yonezawa and E. Niki,
236 (1970).

2) D. W. Hill and T. Powell, “Non-Dispersive Infrared Gas
Analyser,” Plenum Press: New York (1968) p. 1.
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Fig. 2. The spectral transmission of LiF.

The sample gas is prepared in the mixing vessel and
its pressure is measured by a mercury manometer.
Figure 2 shows the spectral transmission of lithium
fluoride.® Its absorption edge is about 1030 cm—1.

Theoretical

For the sake of simplicity let us consider the expres-
sion

f {l—exp(— }—‘_,k 1) }dv
(1)

which gives the mean absorption of the band spectrum
in the infrared region, where £,, is the absorption coef-
ficient of each vibrational rotational line, m the number
added to each line, n the total number of lines, d the
line spacing and [/ the thickness of the layer. The
absorption coeflicient k£, in general, can be expressed
by means of the Lorentz curve

(otm/m)d
r—rm) 5
v, being the frequency at the center of the mth line.

b = (2)

Em

is equivalent to ) /; “kmdv and assumed to be pro-
portional to the partial pressure of absorber p,,

Xm = XomPa (3)
oy, being the proportional constant. ¢ is the damping

constant and is known to be common to all the lines.
From kinetic theory of the gas, § is given by?%

1 . 1 1 \v2
0 = TH—;N;(Da,i) [27tkT( o + oy )] (4)

where N, is the number of molecules of the ith type
gas per unit volume, D, , the sum of the optical col-

3) D. W. Hill and T. Powell, ibid., p. 20.
4) D. E. Burch, E. B. Slngleton and D. Williams, Appl. Opt.,
1, 359 (1962).
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lision diameters of the absorbing molecule and a mole-
cule of the ith type, m, the mass of the absorbing mole-
cule and m; the mass of the ith type of molecule. Re-
placing the number of molecules N, by the correspond-
ing partial pressure p, in Eq. (4), we have

1 2 1/2
6 = —‘<ﬁ) 4?. Ca,ibi (5)

where C, ; is a constant involving the masses and op-
tical collision diameters of the absorbing and ith gas,

respectively. If Eq. (5) is restricted to the binary
mixtures, then
1 /27 \/2
0= ﬁ(ﬁ) (Ca,npa'l‘ca.,b_pb) (6)

where a refers to the absorbing molecule and & the
foreign molecule. From Eq. (6) we get

1 2 1/2
0= Tn—(ﬁ) Ca,a{ﬁa.'i‘ (Ca,b/Ca,u).pb}- (7)

The expression in parentheses gives the effective pres-
sure P, of the gas mixture. If we denote coefficient
1/47(27/kT)V2C,,, by a &,, then § is given by

8 = 8,Ps. (8)

For binary mixtures, we have P,=p,+(1/B)p, where
B=C(, ,/C,,, which is called the self-broadening coef-
ficient® of the absorbing gas which represents the
ratio of the self-broadening ability of the absorbing
gas to the broadening ability of the broadening gas.
by is the partial pressure of the broadening gas.

If each of the n vibrational rotational lines is supposed
to be completely isolated from the neighboring lines,
Eq. (1) reduces to

31 [ {1—exp(—knD)}ar
y= — )
u, v being v, —d/2 and v, +d/2. Introducing the fol-

lowing mean fractional transmission of mth line T,
defined by Elsasser“)

T, = f e (“;”/;)i 5 l}dv, (10)

Eq. (9) becomes
Y =1=ATn)u (11)
where { ),, indicates the average of T,, over m,

viz., {TpY,.v==1[n Zi}l Tn,. T, was evaluated by Elsas-

ser in regard to the limits of small and large §. If
6 is small compared with the line spacing d, then
Tm =1— ¢ {(noandl)'/?/d} (12)

where ¢ is probability integral. Here ¢ is supposed
to be approximated by

&{ (noendD)V?)d} = 2(andl)V/2/d. (13)
Thus we have
9 = 2 (g 0)?/d,y. (14)

By means of Egs. (3) and (8), the equation becomes
om /28512 ap 1/am
=1 S g

5) D. E. Burch, E. B. Singleton, and D. Williams, Appl. Opt.
1, (1962).
6) W. M. Elsasser, Phys. Rev., 54, 126 (1939).

(15)
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If 8 is large compared with the line spacing, then
Tw = exp {— (enl/d)tanh 28}
X Jo{i(eml/d) tanh 2B/cosh 28} (16)

where f=nd/d and J, is the Bessel function of order
zero and imaginary argument. By replacing tanh2f
with 28 and J, with the unit in Eq. (16), we get
T = exp(—2na,0l/d?) . (17)
Substituting Eq. (17) into Eq. (11) and using Egs.
(3) and (8), we have
> =1 — Lexp{—2n(otymB/d?) paPol})av
= 1 — {exp{—2n(¢ym0/d*) Pet0})av (18)
where the optical thickness w=p,! is used. Employing
the cumulant expansion theorem in the calculation of

{ >, in Eq. (18), we get

n 2o “ndo > P
Y Yo

SR, D,
S Yo

_y_l——exp{

(19)

Here «,,0,/d2 can be approximately evaluated
if the minimum transmittance 7% is observed cor-
rectly. The observable minimum transmittance 7,,%®
is given by

Tps = f "expli—
)

j;"f(|v—v,,,|,a)dv

where f(lv—w,|,a) is the slit function, ¢ being the slit
width of apparatus. When the triangular form is used
for the slit function, we have approximately?”

(otm[m)OL

e sl

(20)

Tpts = 1 — 2(, 01 2a 4 oovvverns . (21)
Thus
E, = —In T,%5 = 2(«,,00)'/?/a (22)

If k,,, is defined by

for the maximum extinction E,,.
the relation

d 2
fom = B -5 p21 @3)
then the following relation is obtained by substituting
Egs. (22), (3) and (8) into Eq. (23)
combo/d® = Koym (24)
provided that P, of Eq. (3) is put equal to p,. When
the Gaussian form is used for the slit function, for
example, the maximum extinction is
E,, = 1.879 (cdl)2/a . (25)

Thus if we assume that when the true slit function,
not known beforehand, is used, the maximum extinction

7) J- R. Nielsen, V. Thorton, and, E. B. Dale, Rev. Mod. Phys.,
16, 308 (1944).
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is given by

Ey = t(ondl)V%a, (26)
then

%ymOo/d? = (2/8)2-kym 27

where ¢ is the constant which is determined if the true
slit function is known.

Quantity x, which is measured as the absorption
ratio due to the sample gas at the nondispersive infrared
gas analyser, is obtained from the following relation

(1—x) f "L{l—exp(— 3 Kl by
0 m=1

= f "L oxp(~ S knD{l—exp(— K}y (28)
0 m=1 m=1

where I, is the energy distribution of the infrared source,
k,, and [ the absorption coefficient and the cell length
of the sample, and £k, and !’ of the condenser micro-
phone detector. k5 is given by
(&' m/m)0"

The same gas as in the absorber is sealed up within
the detector in atmospheric pressure. Equation (28)
shows that the left-hand gives the energy absorbed in
the detector of the infrared ray screened by the null
balance shutter and the right-hand the energy absorbed
in the detector of the infrared ray passing through the
sample cell. Thus we have from Eq. (28)

f “L{1-exp(~ 3k H{1-exp(— 33 b))

Ky =

X =

A”I,{l —exp(— él kpl’) }dvy
(29)

For the calculation of Eq. (29) the following two as-
sumptions are made; (i) [, =const. over the absorption
region of the sample gas, and (ii) the shape of {1 —exp-

(— glkm’l’)} is approximated by the n equivalent rec-

tangles with unit height and the width of d’ which
varies with I or the conditions under which the absorb-
ing gas is sealed within the detector. Thus, x is given

by
x =3 f " {1~ exp (—knl) }dvjnd. (30)
m=1Ju’

It is assumed herewith that each of the n vibrational
rotational lines are completely isolated from the nei-
ghboring lines. «' and o' are »,,—d'/2 and v, +d’/2.
Eq. (30) corresponds to replacing d in Eq. (9) with
d’. Thus from Egs. (15) and (19), the expressions for
x at low and high pressure are obtained by replacing
d in each eq. with d'. From Eq. (15) we get

1/251/2
X = 2< %o 6 > p 1/2P 1/211/2 (31)

and from Eq. (19)

x=1— exp{ 2n< “:'17,"260 > vPew
S C)o-Ca,
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L (CHDIRENC U DRE -

1 g amdo > )(Pf,w)a

42
Foeeenneen } . (32)
From Eq. (27) we get
FomOo/d’® = (2/8)%- (d[d')?-kom (33)
Replacing (2/t)-(d/d") with 1/D, we get
om0/d"* = Kym/DE. (34)

Rewriting Egs. (31) and (32) by means of this relation,
we get
x = 2({kEY av| D) pal/2P /2112 (385)

and
x=1— exp {—-— (27Z/D2) <k0m>av 'Pew

(27[/'0 ) (<k m>av _<k0m>a2w) * (Pew)2

— —(—2£/~—D~—— (<k m>a.v - 3<k§m>a.v ) <kom>av

+2 <k0m>lv) ‘ (Pew)3

T } ) (36)

From Eq. (36), we get
It = 3 (= )=ty (Par)® (87)

1—x n=1

where
Ea = (27| D) Ay/n !

1, being the cumulant coefficient.

If there exists another weak band, for example a
combination band, r, the ratio of the intensity of the
infrared source of the fundamental region to that of
the combination, should be introduced. Thus, as-
suming that the shape of the absorption line of the
detector is approximated by the n-+n’ equivalent
rectangles with unit height and the average width
d” over both band, we obtain the following relation
from Eq. (29):

':'If{l—exp( k l)}dv+2f I{l1—exp(—ky1)}dv

{Ien+Io-n)d”

) f - exp(— kb)) br 3 f 1 exp(—knrD) }dv
m=1,J u’ m! = u'’
= (n+rn’)d”

(38)

where m’ is the number added to the lines in the com-
bination band, %’ and v’ represent v, —d"/2 and v, -+
d"|2,u" and v" are vw—d"|2 and v, +d"[2, the constant
quantities /, and I, are the intensities of the infrared
source over the fundamental region and the combina-
tion, r is the ratio 1,/I,, and n’' is the total number of
lines of the combination band. If we put n'=n in
Eq. (38), then
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S [ {1—exp(—knl))dvtr 33 | {1—exp(—ky, O)}dv
m=1Ju’ m'=1Ju"’

(1+7)nd”

(39)

From this relation we get the following expression of
x for low pressures

17 /]
x = Q(S,’FQQW%M P 1/2[1/2 (40)
r

and that of x for high pressures

x=1 _CXPI:_ (2r/D?) ( <k°m>a‘71_|::fk01n’>av )Pew

+ (275/D2)2(<k(2)m>av + r<{£§m’>av _ <k0m>iv —+ r<k0m’>§v).

: b Itr
(Paw)?— (2’;/?2)3 {<kgm>av1':_ff/cgm:>av

_ 3(<k§m>av l++rfk§m'>w)_< <k0m>avlirr<k0m,>a )

n 2( <k0m>iv1_:—r§k0ml>:v >}-(Pew)3
I } "

where 1/D=(2/t)(d/d").

In the case of CO, the following result is obtained
by assuming that I, is expressed by Planck’s law for
temperature radiation and the temperature of the
infrared source is 900 K,

' r =0.524 (42)
since the combination band is observed in 3700 cm—?!
region. The numerical values for CO, are as follows.

iy sy = 5.85%x 10-3 cm—1/2.cmHg -1

<kytyay = 1.05X 103 cm~1/2.cmHg~1

<kt§1/n2>av + r<kt1)1/nz'>av

=4.19%x 103 cm~Y%.cmHg~?
147

k av k m av
Shom) 1++’< om 2w _ g 775 105 cm-1-cmHg-?
r

<k§m>av + r<k§m'>av
14-7

<kgm>av +r<kgm'>uv
147

=4.48%x10-?cm~2.cmHg~*

=6.50% 1012 cm~-3.cmHg~#

(43)

where 1.59 cm—1 is used as the values of the line spacing

d.

Experimental

Figure 3 shows the relations between x
and p, of pure NO at low pressures. (O, A\, [ | represent the
values corresponding to various cell lengths. As expected
from Eq. (35), a linear relation is obtained between x and
pa in the case of pure NO where P, can be put equal to p,:

X = 2(<k(§1/nz>av/D)pall/2. (4,4,)

The relations between x/p, and ['/? are plotted by means
of the relation in Fig. 3 (Fig. 4). From Eq. (44) we sce
that x/pe is proportional to /2. From the slope of this
line, the proportionality constant (k%2 >a./D is found

NO System.
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Fig. 5. NO+N, at the total pressure 10 cmHg.

to be 3.00x10-% cm—1/2.cmHg!. fk,m can be evaluated
by the analysis of the infrared spectrum whose lines are ade-
quately separated. The values of D is the factor that cor-
rects the deviation between <{k}/2>,; and the value obtained
above. The results for the binary mixture NO- N, are shown
in Fig. 5, where the total pressure is kept constant. Broken
lines represent the theoretical curves derived from Eq. (35).
The self-broadening coefficient B is expreimentally given as
1.47. Inl/(1—x) is plotted against the optical thickness
w at the total pressurc of 70 cmHg (Fig. 6). The solid line
may be approximated by Eq. (35).
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Fig. 6. NO+N, at the total pressure 70 cmHg.
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Fig. 7(a). Spectrum of N,O around 2200 cm-! measured
on a DS-701G infrared spectrophotometer. slit width=
0.10mm, cell length=10.3 cm, concentration=2.00 cmHg.
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Fig. 7(b). Spectrum of N,O around 3400 cm-! measured
on a DS-701G infrared spectrophotometer. slit width=
0.15 mm, cell length=10.3 cm, concentration=11.10 cmHg.

N,O System. The infrared absorption spectra of N,O
are given in Fig. 7(a) and (b). The vibrational rotational
lines around 2200 cm~! region are imperfectly separated and
those around 3400 cm~! are no longer separated. When
the separation of the lines is not enough, the analytical values
of kg, do not represent the values characteristic of the in-
dividual lines, because of the influence of the wings of the
neighboring lines. Since the assumption that each line is
separated is not valid, Eqs. (40) and (41) are not applied
to N,O. However, it is proved that these equations can
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Fig. 9(a). Spectrum of CO, around 2350 cm-! region due to the v; fundamental. slit width=0.20mm, cell length=
10.3cm, concentration=2.00 cmHg. The infrared spectrophotometer is DS-403G.
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be utilized for the quantitative interpretation of in the clination
of the experimental curves of N,O (Fig. 8).

Discussion

Degree of Separation of Absorption lines. The
degree of separation of the absorption lines is determined
from the line spacing and the collision width. The
line spacing is inversely proportional to the moment
of inertia which is geater for CO, than for CO. The
collision width 26 is given by Eq. (4). Putting i=aqa
in Eq. (4), 6 is found to be proportional to (D, ,)%
(kT[m,)¥/2N,. With the numerical data® D, /D, ,=
1.29 where a=CO, and :=CO, we obtain

(Ds,4/Da 2)* = 0.30.

Since (m,/m;)?*=1.24, we get §,/6,=0.37. Thus the
degree of separation is better for CO than for CO,
(Fig. 9 (a)~(d)). The degree of separation influences
the degree of accuracy of k.

Influence of the Bessel Function of Order Zero. Con-
sidering the influence of the Bessel function of order
zero, we have from Eq. (16):

{Tw)ay = {exp{— (anl/d’)tanh 28’}

X Jol{i(aml/d’) tanh 28/cosh 2B’} sy (45)
where the line spacing d of Eq. (16) is replaced by the
distance d’, f'=nd/d’. Using the modified Bessel func-
tion of order zero, Eq. (45) is written as

{Tmav = {exp(—an)Io(an/cosh 28'))sy (46)
where [, is the modified Bessel function of order zero,
and

apm = (apl/d’)tanh 28" = (apl/d’)-2p'¢

= 2me(xp,0l]d’®) = 2me(otymOo/d’?) paPol
= 2ne(kom/D?) Pew , (47)

¢ being e:(tanh?ﬂ')/?ﬂ', Iy(a,[cosh2p’) is given by

, 1 1 o
henfeosh 28) = 3 oo (o) o (49
and hence
1 2n
<Tm>uv-<n A (n e ) (2 cosh 28°)2" “Am CXP(—am)>av
1 2n
= B e e e
(49)
If f(ay, §) is defined by
f(am, e) = exp("amE)’ : (50)
then 2" exp(—a,,) is given by
an Xp () = g flam, e)' (51)
and we obtain
<am2" CXP(—am)>av = aan <f(amr e))ﬂv (52)
dE f=1-
Consequently {T,>., becomes
1 1
T nday = (n e . (2 cosh 287)2% : dEZ" <f(am, E)Vav or -
(53)

8) N. D. Coggeshall and E. L. Saiber, J. Chem. Phys., 15, 65
(1947).
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By use of the cumulant expansion theorem in {f-
(awu e)>av’ we obtain

{Sf(@ms €)Dav = exp{h(§)} (54)

where
h(§)=— (am>c5+ (am2>c52 3T (am:’}cf‘"‘ . (55)
The higher terms than the third are ignored, {a,"),
being the cumulant average of a,, of nth order. The

derivatives of exp{f(§)} with respect to & are as follows.

—”’—<f<am, £) ey = (€) exp{h(&)} (56)

(f (@ms &) Dav =" (&) +{F'(§)}*]exp{h(£) } (57)

d§2
<f (@m> &) Dav = [ (§) + 37 (£) - K (§)

+ {K(€)}*] exp{h(&)} (58)
(f (@ms &) Day = [K7"(E) +4R"" (&) -1 (§) + 3{h"(£))2

+ 6{h'(&)}2-h" (&) + {W (&) }*] exp{h(£)}. (59)

By substituting Eqgs. (57) and (59) into Eq. (53), the
following expression is obtained

d§3

dE“

1 2 3
{Tp)sy = [1+W'{(<am Ye—<an®e)
+ ((am>c_<am2>c+ <ams>6/2) 2}

1 1 3
t A Toon gy (KanPe Kamde—
Can®ye)?

+ {an®)e/2) +3({am?De—
+ 6(Campe—<amet{an?)e/2)2- (am?Pe—
+ (amde—<Can?De+<an®)e/2)*}

+ higher terms:I -exp{h(1)} . (60)

an?)e

{am®)e)

[ ] represents the influence of the Bessel function of
order zero. Equation (60) becomes Eq. (36) or (41) if
[ ] is approximated by unit. The calculated results
of <a,™, for the case of CO, and the influence of
the Bessel function of order zero are given in Table 1.

TasLe 1. THE VALUES OF {4,"), AND THE INFLUENCE
OF THE BESSEL FUNCTION IN REGARD TOo CO,
(e=1. cosh 28’~1. Po=~P/B. P=70 cmHg. D=0.52)

{an™e w=>5 w=10

{am)e 0.231 0.462

{an®e 0.054 0.232

{8 0.024 0.159
Influence of the Bessel function 1.020 1.035
{a,™, Is given by

{amye=(2me/D?) ( CkomYav + hom' Dav )-Pew

1+7
kzm av 7 k2. 1 o
<am2>c:(2ﬂ8/D2)2.(< im> 1+f om’ Dav

k 2 \2
_ < 0m>uv]_.|::§k0m >av )'(PeW)z
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kgm av kgm' av
(an?ye = (@nejpeys. | Fimder L1 Eim )

_ 3< (Rempay +rékim Doy )( ChomDavy +1¢kom Doy )

147 147

<k0m>iv+r<k0m'>gv )} 3
+ 2( o (Poo)? . (61)
0.52 is used for the value of D by means of Egs. (40),
(43) and the experimental datal)

(ki pav H1{kim Doy
(1+nD

The influence of the Bessel function is thus proved to
be within error. The experimental values are com-
pared with the theoretical ones (Fig. 10). The dotted
line shows the experimental curve and the solid line
the theoretical curve given by

1

= 8.0x 10-3 cm~%/2.cmHg~1.

In = 8.60x 10-4(P,w) —8.00X 10~7 (Puw)?

1 1.01x 109 (P.w)®. (62)

This is derived by substituting the values of (43) into
Eq. (41) and using 0.52 for D. In order to attain
a better agreement between theoretical and experi-
mental values under high pressure, the value of 0.36
should be used as the correction factor D instead of
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Fig. 10. The broken line; experimental. The solid line;

theoretical.

0.52. In case of CO,” similarly to CO,, the value
of 0.16 should be replaced with 0.07. These dis-
crepancies seem to result from several assumptions,
especially the roughness of the rectangular approxima-
tion concerning the shape of the absorption lines of the
detector, and the conditions under which experiments
correspond to the intermediate case of 4.

9) T. Yonezawa and E. Niki, Trans. Soc. Instr. Cont. eng., 7,
238 (1970).






